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Introduction
This paper continues our study on the global regularity issue concerning the 2D Boussinesq equations with vertical dissipation and vertical thermal diffusion, The Boussinesq equations model buoyancy-driven flows such as atmospheric fronts and oceanic circulation (see e.g. [19, 21] ). In these equations u and v denote the horizontal and the vertical velocity, respectively, p the pressure, θ the temperature in the content of thermal convection and the density in the modeling of geophysical fluids. The Boussinesq equations with only vertical dissipation are useful in modeling dynamics of geophysical flows for which the vertical dissipation dominates such as in the large-time dynamics of certain strongly stratified flows (see [18] and the references therein).
One fundamental issue concerning the 2D Boussinesq equations (1.2) is whether all of their classical solutions are global in time. When the parameters ν 1 , ν 2 , κ 1 and κ 2 are all positive, this issue is not very difficult to resolve and any sufficiently smooth data leads to a global solution (see e.g. [5] ). In the case of inviscid Boussinesq equations, namely (1.2) with ν 1 = ν 2 = κ 1 = κ 2 = 0, the global regularity problem turns out to be extremely difficult and remains outstandingly open. Important progress has recently been made on the intermediate cases. The global regularity for the case ν 1 = ν 2 > 0 and κ 1 = κ 2 = 0 was proven by Chae [7] and by Hou and Li [16] . The case when ν 1 = ν 2 = 0 and κ 1 = κ 2 > 0 was dealt with in [7] . Further progress on these two cases was made recently by Hmidi and Keraani, who were able to establish the global regularity with the full Laplacian operator − replaced by √ − [14, 15] . Danchin and Paicu very recently explored the global regularity issue for the cases when there is either horizontal dissipation (ν 1 > 0 and ν 2 = κ 1 = κ 2 = 0) or horizontal thermal diffusion (κ 1 > 0 and ν 1 = ν 2 = κ 2 = 0) and obtained global solutions at several regularity levels (see [11] ). Other interesting recent results on the 2D Boussinesq equations can be found in [1, 9, 10, 12, 13, 17, 20, 22] . The global regularity problem for the Boussinesq equations with vertical dissipation and thermal diffusion, namely (1.1), was first studied by Adhikari et al. in [2] . As pointed out in [2] , this is an extremely difficult problem. One main reason is that we have no global (in time) bound for any Sobolev norm of the solutions. As we can see from the equation for the vorticity ω = v x − u y ,
the estimate of any L q -norm of ω is coupled with the estimate of ∇θ in L q because of the "mismatch" between the partial derivatives of ω yy and of θ x . This is exactly where the problem studied here differs from the cases previously studied. In [2] we discovered that the norm of the vertical velocity v in Lebesgue space plays a crucial role in controlling the Sobolev norms of the solutions. It was shown there, among other results, that the L q -norm of the vertical velocity v with 2 q < ∞ is bounded at any time. The bound obtained in [2] depends exponentially on q. This paper still aims at the global regularity issue of (1.1) and we establish two major results. 
The bound above in the case when q is an integer is obtained by mathematical induction and in the general case by interpolation. A basic ingredient of the proof is the following global bounds on the pressure p,
In order to prove these bounds on p, we first establish a global inequality that bounds the L 4 -norm
and then relate p to (u, v, θ) through the divergence free condition.
Our second major result is the following conditional global regularity result. 
(1.5)
A more general version of (1.4) is presented in Section 5. We remark that (1. The rest of this paper is arranged as follows. Section 2 presents the global in time L 4 -bound. Section 3 establishes the global bounds for the pressure p. Section 4 proves Theorem 1.1. Section 5 proves a general version of (1.4), (1.5) and Theorem 1.2. Section 6 briefly discusses some of the potential approaches that lead to a complete resolution of the global regularity problem.
Global L 4 -bound
This section establishes the global L 4 -bound. This result serves as a preparation for the global bounds presented in the next two sections.
We need two basic ingredients to prove this theorem and they are recalled here. The first one is a lemma that controls the integral of a triple product by the norms of the functions and of their partial derivatives. This type of inequality is very useful in the study of partial differential equations with anisotropic dissipation. The proof of this lemma can be found in [6] .
Lemma 2.2. Assume that f , g, g y , h and h x are all in L
The second ingredient is the global L 2 -bound for the velocity and L q -bound for θ . The derivation of these inequalities can be found in [2] .
and, for any 2 q < ∞,
In particular, for 2 q ∞, 
We first estimate I 1 for the case r = 1. By Lemma 2.2,
Taking the divergence of the first two equations in (1.1) leads to
By the boundedness of Riesz transforms on L 2 ,
Therefore, by Young's inequality and u x + v y = 0,
To estimate I 2 , we first integrate by parts to obtain 
.
In the special case when r = 1, we obtain This inequality, together with Gronwall's inequality, yields (2.1). 2
Global bounds for the pressure
The pressure can also be bounded globally. 
where
According to (2.6) and the boundedness of Riesz transforms on L 2 ,
Integrating in time and invoking Lemma 2.3 lead to
To prove the first inequality in (3.1), we have from (2.6)
Since the Riesz transforms are bounded in L 2 , we have
According to Theorem 2.1,
By the boundedness of Riesz transforms on L 2 , we have
where Λ = (− ) 1/2 . The boundedness of Λ −1 θ 2 follows from a simple energy estimate. In fact, applying Λ −1 to the equation for θ , namely the fourth equation in (1.1) and taking the inner product with Λ −1 θ , we obtain
Using the L 4 -bound for (u, v), we have
This completes the proof of Theorem 3. 2
Global L q -bound for the vertical velocity
This section establishes a global L q -bound for the vertical velocity. This bound is linear in q and significantly improves the exponential bound of [2] .
Proof. It suffices to prove this for positive integers q. The bound for a general real number q 2 then follows from interpolation.
The proof for the case of positive integers q is done by induction. In fact, we prove inductively that, for any q 2,
where 
I 2 is easily bounded,
Integrating by parts and applying Lemma 2.2, we have Inserting the above inequality in (4.2), integrating in t, applying Theorem 3.1 and the inductive assumption, we have
This completes the proof of Theorem 4.1. 2
A conditional global regularity
This section proves the conditional global regularity result stated in Theorem 1.2. It is restated here.
The proof of this theorem relies on two major propositions. The first one provides an interpolation inequality that bounds the L ∞ -norm of a function f in terms of The interpolation inequality is stated and proven in the Besov space setting and the desired inequality is a special consequence. The definition of Besov space and related useful facts can be found in several books (see e.g. [4] or [8] 
where j denotes the Fourier localization operator and
The precise definition of j and S N can be found in several books and many papers (see e.g. [8] ). Therefore,
We denote the terms on the right by I and I I. By Bernstein's inequality, for any p 2,
, where C is a constant depending on s only. Therefore,
.
Setting p = N and N to be the largest integer satisfying
the desired inequality then follows. 2
The proof of Proposition 5.3 is completed in three steps. The first step bounds the L 2 -norm of (ω, ∇θ), the second bounds the L 4 -norm of (ω, ∇θ) while the third controls the L 2 -norm of (∇ω, θ). For the sake of clarity, we divide the whole proof into three subsections.
H 1 -bound
This subsection provides an H 1 -bound for classical solutions of (1.1) in terms of v ∞ . This bound is essentially Proposition 3.3 in [2] . Proof. The proof is similar to the one for Proposition 3.3 in [2] . The only difference is that we estimate ω 2 here instead of (∇u, ∇ v) 2 
These terms can be bounded as follows. Clearly,
By the divergence-free condition u x + v y = 0 and integration by parts, Substituting v x = u y + ω in I 4 , we have
Integration by parts yields
Collecting all the estimates, we obtain
This completes the proof of Proposition 5. 
Proof. Dotting ∇ of (5.4) with ∇ω, multiplying of the equation for θ in (1.1) by θ , integrating over R 2 and applying the divergence-free condition u x + v y = 0, we obtain after integration by parts This completes the proof of Proposition 5.6. 2
Conclusion and discussion
We have investigated the global regularity issue concerning solutions of the 2D Boussinesq equations with vertical dissipation and vertical thermal diffusion. We established that the vertical velocity 
